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ABSTRACT

The bandgap phenomenon in metamaterials has attracted much research interest for controlling structural vibrations. To tailor the bandgap
for applications in a specific frequency range, analytical tools for bandgap bound estimations are critically important. This work presents a
generic theoretical approach for fast estimation of the bandgap bounds. Starting from the lattice metamaterial systems, we develop the
procedure and provide the analytical bound expressions based on a hypothesis of extreme points in the band structure of metamaterial
systems. The proposed approach for the lattice system is verified by the results of transmittance analysis. Subsequently, to explore the fidelity
of the proposed approach on continuous metamaterial systems, three typical metamaterial beams (metabeams) have been investigated: a
metabeam with mechanical local resonators, a piezoelectric metabeam with shunt resonant circuits, and a hybrid metabeam. Finite element
analysis is performed to verify the theoretical expressions of bandgap bounds derived using the proposed approach. With the verified bound
expressions, bandgap tailoring and optimization are further investigated. In summary, the developed theoretical approach is generic and
offers a promising technique for bandgap estimation of metamaterial systems integrated with various types of resonators.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0053004

I. INTRODUCTION

In recent decades, locally resonant metamaterials have been
widely researched. The introduction of local resonators alters the
physical property of materials, which gives rise to some features
that could not be found in natural materials, including effective
negative mass density1 and effective negative modulus.2 Meanwhile,
similar to Bragg scattering phononic crystals,3 the bandgap phe-
nomenon also exists in locally resonant metamaterials, or “meta-
materials” for short. Unlike Bragg scattering induced bandgaps in
phononic crystals, which strongly depend on the lattice periodicity,
local resonance induced bandgaps in metamaterials are almost
insensitive to periodicity and resilient to randomness. The fre-
quency range of a local resonance induced bandgap is roughly
determined by the natural frequency of the local resonator. This
feature means that the locally resonant bandgap can be theoretically
produced at arbitrarily long wavelengths, making metamaterials
suitable candidates for low-frequency vibration attenuation at rela-
tively small sizes.4–6 To date, researchers have devoted increasing
efforts to integrating metamaterial design into practical mechanical

structures for low-frequency vibration attenuation. For example,
locally resonant metamaterial beams (metabeams) with periodically
attached resonators have been studied extensively.7–9 The width of a
local resonance induced bandgap depends on the resonator mass,
implying that a broader bandgap width would require a larger reso-
nator mass. To avoid significant weight increase, researchers have
considered introducing multiple local resonances to generate multi-
ple bandgaps to widen the vibration attenuation range. The multiple
local resonances could be achieved by multiple degree-of-freedom
(DOF) resonators10,11 or arrays of resonators with different resonant
frequencies.7,12,13 For example, Zhu et al.7 proposed a chiral elastic
metamaterial beam by embedding multiple local resonators.
Broadband vibration attenuation can be achieved by using section-
distributed unit resonators. In addition, the nonlinear bandgap
behavior of nonlinear metamaterials has also attracted attention.
Using spectro-spatial analysis, Zhou et al.14 investigated the solitary
wave in the short-wavelength region of a nonlinear metamaterial. On
the other hand, to reduce the additional mass brought by mechanical
resonators, piezoelectric metamaterial systems are proposed. Due to
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the electromechanical coupling effect of piezoelectric materials, an
electrical circuit-induced resonance could induce a reaction force/
moment on the mechanical structure. Hence, a shunt circuit reso-
nance is analogous to a mechanical resonator. Many studies focused
on exploring different types of shunt resonant circuits to realize
broadband vibration attenuation, such as the pure inductance
circuit,15 negative capacitance circuit,16,17 high-order resonant
circuit,18 and digital feedback circuit,19–21 to name a few. More
recently, by combining the mechanical and the electrical resonance
mechanisms, hybrid metamaterials were demonstrated to exhibit
negative effective mass density and negative bending stiffness proper-
ties simultaneously.22,23

From the practical application point of view, it is necessary to
gain insights into the influences of material properties on bandgap
formation in metamaterials. In other words, developing bandgap
estimation approaches is important for the design and optimization
of metamaterials. A mass-in-mass lattice model is widely adopted
to represent the acoustic metamaterial, and the frequency region
for the effective mass being negative is used to approximately indi-
cate the bandgap.16,24 For the distributed parameter model, many
researchers investigated the band structure behavior using the
transfer matrix method.5,25 The dispersion relation of waves propa-
gating in the metamaterials can be predicted using the transfer
matrix method, and the bandgaps can then be identified from the
dispersion curve patterns. The extended Hamilton principle was
another alternative approach utilized to derive the dispersion rela-
tion of wave propagation in metabeams.26,27 However, most previ-
ous works identified bandgap locations by observing the blank
areas in the dispersion curve patterns. How to directly compute the
bandgap bounds is still a fundamental but challenging problem.
Based on the wave equation, Xiao et al.28 investigated the flexural
wave propagation in an infinite metamaterial with mechanical reso-
nators using the spectral element method. By expanding the spec-
tral matrix, they derived specific bandgap bound equations
associated with a certain material parameter by fixing the others.
More recently, the derivation of bandgap bound equations in
Ref. 28 was further improved and gave a more general closed-form
expression by using Taylor’s expansion to eliminate the trigono-
metric functions.29 From the viewpoint of modal analysis, Sugino
et al. developed a novel approach to estimate the bandgap forma-
tion in finite-length metabeams attached with mechanical resona-
tors,30 electromechanical resonators,31,32 and hybrid resonators.22

The assumption of an infinite number of resonators was used in
conjunction with the orthogonality condition to simplify the modal
equations. The closed-form bandgap bound equations were suc-
cessfully derived. This approach could also provide insights into
how the resonators affect the mode shapes of a finite-length
metabeam.

In this paper, we present a new generic theoretical framework
for fast bandgap estimation. By analyzing the topology of the dis-
persion relation for different metamaterial models, the slope of the
angular frequency at the bandgap bound is observed to be zero.
Consequently, we are inspired to locate the bandgap bounds and
derive their analytical expressions by seeking “extreme points” of
the dispersion curves. A rigorous mathematical proof has been pro-
vided for this hypothesis. To the best of the authors’ knowledge,
this is the first attempt to locate the bandgap bounds in this way.

The merits of this approach lie in that the derivation process is
simple and straightforward. Mathematical simplification through
the orthogonality condition or Taylor’s expansion is not needed.
Moreover, several case studies, from discrete lattice models to
beam-type continuous models, have demonstrated that this
approach is generic and applicable to various metamaterial systems.
It is worth mentioning that some models in the case studies are
well known to the metamaterial research community and have also
been used in Refs. 22 and 29–32. The novelty of this work lies in
the generic theoretical framework for bandgap analysis, while these
well-known models are just adopted for demonstration.

The remainder of this article is divided into five sections. In
Sec. II, the universal definition of the bandgap bound is described
based on the dispersion relation analysis of the infinitely long
lattice model and the extreme theory. A systematic solution proce-
dure is developed to derive the bandgap bound equations.
Subsequently, to reveal the robustness of the proposed approach,
the procedure is applied to three typical types of metabeams,
namely, a metabeam with mechanical local resonators, a piezoelec-
tric metabeam with shunt resonant circuits, and a hybrid meta-
beam combining mechanical and circuitry resonance mechanisms.
The bound equations corresponding to the considered models are
derived. In Sec. III, the corresponding finite element (FE) models
of the three metabeams are established, followed by the validation
of the derived equations in Sec. IV. The results from Ref. 31 are
also taken into comparison. Section V further discusses the merits
of the proposed approach in terms of tailoring and optimization of
bandgaps. An extended case is presented to further demonstrate
the universality of the proposed approach for handling more com-
plicated metamaterial systems. Finally, conclusive remarks are
drawn in Sec. VI.

II. THEORETICAL FORMULATION

A. Estimation of bandgap bounds of a conventional
infinite lattice system

A conventional metamaterial model, i.e., an infinite
mass-in-mass lattice system (Fig. 1), is first adopted to introduce
the approach for fast estimating bandgap bounds. Such a discrete
model is widely adopted in the literature to represent locally reso-
nant metamaterials (see, for example, Ref. 33). Each unit cell con-
sists of an outer spherical shell m1 and an inner mass m2,
connected by an inner spring k2. The adjacent spherical shells are
uniformly placed at a distance d and connected by a spring k1 to
form a lattice chain. For harmonic wave propagation in this system,
the equations of motion for the jth unit cell are

m1€u
(j)
1 þ k1(2u

(j)
1 � u( j�1)

1 � u( jþ1)
1 )þ k2(u

(j)
1 � u(j)2 ) ¼ 0,

m2€u
(j)
2 þ k2(u

(j)
2 � u(j)1 ) ¼ 0,

(
(1)

where the harmonic wave solutions u(j)1 ¼ A1ei(qx�ωt) and
u(j)2 ¼ A2ei(qx�ωt) represent the displacements of masses m1 and m2

in the jth cell, respectively. A1 and A2 are the wave amplitudes. i is
the imaginary unit. q and ω correspond to the wavenumber and
angular frequency, respectively. For this periodic structure, the dis-
placements of the masses in the ( j + m)th cell satisfy the following
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form according to Bloch’s theorem:

u( jþm)
1 ¼ A1e

i(qxþmqd�ωt), u( jþm)
2 ¼ A2e

i(qxþmqd�ωt), (2)

where d is the lattice constant. Substituting Eq. (2) into (1), one
can obtain the dispersion equation as

m1m2ω
4 � [k2(m1 þm2)þ 2k1m2(1� cos(qd))]ω2

þ 2k1k2(1� cos(qd)) ¼ 0:
(3)

In the band structure analysis, q calculated from Eq. (3) can
be classified into three categories: the purely real, purely imaginary,
and complex ones, corresponding to the propagation, attenuation,
and semi-attenuation frequency regions. The so-called bandgap
refers to the frequency range in which no real q exists for a given ω.
Since a negative real solution q refers to a wave traveling in the neg-
ative direction, only the dispersion curves in the first quadrant of
the ω–q plane are of our concern and denoted as r curves. To
obtain these curves, Eq. (3) is solved directly. Since Eq. (3) is a
quartic equation of ω, two groups of real roots can be obtained
directly as

ωn(qd)¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k1m2þk2m1þk2m2þ (�1)n

ffiffiffiffi
A

p �2k1m2cos(qd)
2m1m2

s
, n¼1, 2,

(4)

where

A ¼ 4k1m
2
2(k1 þ k2)þ k22(m1 þm2)

2 þ 4k21m
2
2cos(qd)(cos(qd)� 2)

þ 4k1k2m1m2(cos(qd)� 1)� 4k1k2m
2
2cos(qd)

and n = 1,2 denote the ru and rl curves, i.e., the upper and lower
dispersion curves. To observe the bandgap intuitively, an example
with parameters m1 ¼ 0:05 kg, m2 ¼ 0:025 kg, k1 ¼ 50 N/m, and
k2 ¼ 60 N/m is demonstrated in Fig. 2.

Due to the periodicity of the structure, the local resonance
induced dispersion curve follows a specific pattern: the left and
right ends of the first Brillouin zone correspond to the minimum
and maximum values of rl and ru. For the whole ω–q plane, the dis-
persion relation periodically repeats its pattern in the first Brillouin
zone. The slope of r curve, namely, dω/dq, represents the group
velocity. It can be seen that the group velocity of the curve is equal

to zero at the peak E1 of rl and valley E2 of ru. Note that the
bandgap is located inside the two dispersion curves. The problem
of bandgap boundary prediction can be converted into seeking the
extreme values of rl and ru with derivatives equal to zero. Letting
the derivative ω0

n(qd) ¼ 0, two roots can be solved through
MATLAB’s solve() function:

qd1 ¼ 0, qd2 ¼ π: (5)

Substituting qd1 and qd2 into ω2(qd) and ω1(qd), respectively,
one can obtain the upper and lower bounds of the bandgap
analytically,

b� ¼ωβ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2α2þ1

2
μþ1

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4
μ2 4

1
μ
α2þ 1

μ
þ1

� �2

� 4
1
μ
α

� �2
 !vuut

vuuut ,

bþ ¼ωβ
ffiffiffiffiffiffiffiffiffiffi
μþ1

p
,

8>>><
>>>:

(6)

FIG. 1. Conventional infinite lattice metamaterial system.

FIG. 2. Band structure of conventional infinite lattice metamaterial system.
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where μ ¼ m2
m1
, ωα ¼

ffiffiffiffiffi
k1
m1

q
, ωβ ¼

ffiffiffiffiffi
k2
m2

q
, α ¼ ωα

ωβ
, and the superscripts

� and þ denote the lower and upper bounds of the bandgap,
respectively. It is worth mentioning that Eq. (6) is different from
the widely adopted bandgap bound equation in Refs. 16 and 33,

b� ¼ ωβ ,
bþ ¼ ωβ

ffiffiffiffiffiffiffiffiffiffiffi
μþ 1

p
:

�
(7)

In these references, the bandgap is believed to be consistent
with the frequency range in which the effective mass

meff ¼ m1 þm2/(1� (ω/ωβ)
2) of this lattice system becomes nega-

tive. For example, Fig. 3 depicts the dimensionless effective mass
with the varying dimensionless angular frequencyω/ωβ. The effective
mass turns out to be negative when ω . ωβ and becomes positive
again when ω . ωβ

ffiffiffiffiffiffiffiffiffiffiffi
μþ 1

p
, leading to Eq. (7).

The accuracies of Eqs. (6) and (7) are verified by comparing
them with the transmittance results of the finite lattice system.
Figure 4 shows the schematic of the conventional finite lattice
metamaterial system with n cells. Except for the first and last unit
cells, the equations of motion of the jth unit cell are

m1€u
(j)
1 þ k1(2u

(j)
1 � u( j�1)

1 � u( jþ1)
1 )þ c1(2 _u

(2jþ1)
1 � _u( j�1)

1 � _u( jþ1)
1 )þ k2(u

(j)
1 � u(j)2 )þ c2( _u

(j)
1 � _u(j)2 ) ¼ 0,

m2€u
(j)
2 þ k2(u

(j)
2 � u(j)1 )þ c2( _u

(j)
2 � _u(j)1 ) ¼ 0,

(
(8)

where c1 and c2 are the damping coefficients of the outer and inner masses, respectively. The equations of motion of the outer masses in
the first and last unit cells are

m1€u
(1)
1 þ k1(2u

(1)
1 � u0 � u(2)1 )þ c1(2 _u

(1)
1 � _u0 � _u(2)1 )þ k2(u

(1)
1 � u(1)2 )þ c2( _u

(1)
1 � _u(1)2 ) ¼ 0,

m1€u
(n)
1 þ k1(2u

(n)
1 � u(n�1)

1 )þ c1(2 _u
(n)
1 � _u(n�1)

1 )þ k2(u
(n)
1 � u(n)2 )þ c2( _u

(n)
1 � _u(n)2 ) ¼ 0:

(
(9)

Applying the Laplace transform to Eqs. (8) and (9), and replacing u2 with u1, one can obtain

(k1 þ iωc1)U0 � �ω2m1 þ 2k1 þ 2iωc1 þ k2 þ iωc2 � (k2 þ iωc2)
2

k2 þ iωc2 � ω2m1

� �
U (1)
1 þ (k1 þ iωc1)U

(2)
1 ¼ 0,

(k1 þ iωc1)U
(j�1)
1 � �ω2m1 þ 2k1 þ 2iωc1 þ k2 þ iωc2 � (k2 þ iωc2)

2

k2 þ iωc2 � ω2m1

� �
U (j)
1 þ (k1 þ iωc1)U

(jþ1)
1 ¼ 0,

(k1 þ iωc1)U
(n�1)
1 � �ω2m1 þ k1 þ iωc1 þ k2 þ iωc2 � (k2 þ iωc2)

2

k2 þ iωc2 � ω2m1

� �
U (n)
1 ¼ 0,

8>>>>>>><
>>>>>>>:

(10)

where U0 and U1 denote the magnitudes of displacements of the
base excitation and an outer mass, respectively. Through iterative
substitution, one can acquire the transmittance of the conventional
finite lattice model, which is defined by

T ¼ 20 log10
U (n)
1

U0

�����
�����: (11)

Figure 5 plots the transmittance of the conventional finite lattice
metamaterial system consisting of eight unit cells with the mass
and stiffness parameters m1 ¼ 0:05 kg, m2 ¼ 0:025 kg,
k1 ¼ 50 N/m, and k2 ¼ 60 N/m as before and damping coefficients
c1 ¼ c2 ¼ 0:004 N s/m. The bandgap prediction from the analytical
expression Eq. (6) is shaded in blue, which is in good agreement with
the vibration attenuation region (the deep valley) in the transmit-
tance. Meanwhile, it can be found that the bandgap prediction based
on negative effective mass [Eq. (7)] shaded in red does not match the
bandgap observed from the transmittance, that is, the bandgap does
not start from the natural frequency of the local resonator ωβ but
from the frequency corresponding to a large positive effective mass
meff . A more detailed explanation of this conclusion can be seen in
Ref. 34.

FIG. 3. Dimensionless effective mass vs ω/ωβ of a unit cell of conventional
lattice metamaterial system.
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B. Estimation of bandgap bounds of metabeam with
mechanical local resonators

In the following subsections II B, II C, and II D, the proposed
approach will be applied to several typical metabeams. The repre-
sentative schematic of a conventional metabeam that consists of a
host beam and an array of periodically attached mechanical local
resonators is shown in Fig. 6. Based on Euler’s beam theory, the
partial differential equation that governs the transverse elastic wave
propagation in the unit cell can be written as

EbIb
@4w(x, t)

@x4
þM

@2w(x, t)
@t2

� k(u(x, t)� w(x, t))δ(x) ¼ 0, (12)

where w(x, t) is the transverse displacement of the beam and
u(x, t) is the displacement of the local resonator. δ(x) is the Dirac
delta function. Eb and Ib represent Young’s modulus and the area
moment of inertia of the host beam, respectively. M ¼ ρb � Ab is

the mass per unit length with ρb being the density and Ab ¼ b� hb
being the cross-sectional area of the host beam. b and hb are the
width and thickness of the host beam, respectively. The motion of
the local resonator is governed by

m
@2u(x, t)

@t2
þ k(u(x, t)� w(x, t))

� �
δ(x) ¼ 0, (13)

where m and k are the mass and stiffness of the local resonator,
respectively. For this infinitely periodic structure, the time-
harmonic solutions of w(x, t) and u(x, t) satisfy the following
forms according to Bloch’s theorem,

w(x, t) ¼ Wei(qx�ωt), u(x, t) ¼ Uei(qx�ωt): (14)

W and U are the amplitudes of the displacements of the propagat-
ing wave and the local resonator, respectively. To obtain a concise
dispersion equation, we made a homogenization assumption to
simplify the model. By considering the beam as a homogenous
uniform beam, one can derive the dynamic characteristic of this
periodic structure by substituting Eq. (14) into (12) and (13) and
integrating (12) and (13) over the cell length from −d/2 to d/2. The
result is rearranged in the matrix form as

2q3EbIb sin
dq
2

� �
�2ω2

q
M sin

dq
2

� �
þk �k

�k k�mω2

2
4

3
5 W

U

� �
¼ 0

0

� �
:

(15)

FIG. 4. Conventional finite lattice metamaterial system.

FIG. 5. Transmittance of conventional finite lattice metamaterial system with
eight unit cells superposed with bandgap predictions from bound expressions
[results of Eqs. (6) and (7) are shaded in blue and red, respectively]. FIG. 6. Metabeam with mechanical local resonators.
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To ensure the existence of non-trivial solutions, the coefficient
matrix of Eq. (15) should be zero. Therefore, the characteristic equa-
tion (i.e., the dispersion equation) of the unit cell is obtained as

f (ω, q)¼
2mM sin

dq
2

� �
q

ω4�
kmqþ (2kMþ2EbIbmq4)sin

dq
2

� �
q

ω2

þ2EbIbkq
3 sin

dq
2

� �
¼ 0: (16)

For this quartic equation, there are at least two real roots
ωn(q), n ¼ 1, 2 as shown below,

ωn(q) ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(�1)n�1

ffiffiffi
B

p
þ kq

4M sin
dq
2

� �þ k
2m

þ EbIbq4

2M

vuuut , (17)

where

B ¼ k2

4m2
þ k2q2

16M2sin2
dq
2

� �þ (EbIb)
2q8

4M2

þ k2q

4mM sin
dq
2

� �þ EbIbkq5

4M2 sin
dq
2

� �� EbIbkq4

2mM

and n = 1,2 denote the ru and rl curves. The following content in this
subsection is to derive the bandgap bound equations based on the
extreme point theory mentioned in Subsection II A. Since the direct
derivative of Eq. (17) would result in a lengthy expression, here we
take an implicit function derivative of Eq. (16), which yields

dω
dq

¼ � f 0q
f 0ω

¼
A1ω4 þ A2ω2 þ 6EbIbkq4 sin

dq
2

� �
þ EbIbdkq5 cos

dq
2

� �

�8mqM sin
dq
2

� �
ω3 þ 2kmq2 þ 4(kqM þ EbIbmq5) sin

dq
2

� �� �
ω
, (18)

where

A1 ¼ mqdM cos
dq
2

� �
� 2mM sin

dq
2

� �
,

A2 ¼ (2kM � 6EbIbmq4) sin
dq
2

� �

� (dkqM þ EbIbdmq5) cos
dq
2

� �
,

and f 0q and f 0ω denote the partial derivatives of f with respect to q
and ω, respectively. By setting Eq. (18) equal to zero, one root can
be analytically solved through MATLAB’s solve() function, which is

ω*
1 ¼ ωm, (19)

where ωm ¼
ffiffiffi
k
m

q
denotes the natural frequency of the local resona-

tor. The dispersion curves of the metabeam are very similar to
those of the lattice metamaterial system in the first Brillouin zone
(Fig. 1). ω*

1 can be further verified as the extreme point E1 of the rl
curve. However, with the implicit function derivative, the root
related to the extreme point E2 of ru curve is lost. From the band
structure analysis in Sec. II A, E2 is located at q = 0 in the ru curve.
Since q appears in the denominator of ω1(q), E2 is evaluated by

finding the limit of ω1(q) when q→ 0,

ω*
2 ¼ lim

q!0
ω1(q): (20)

Ignoring the high-order terms of q, one can reduce Eq. (20) to

ω*
2 ¼ lim

q!0

ffiffiffi
k

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
4m2

þ λ2(q)
16M2

þ λ(q)
4mM

s
þ λ(q)

4M
þ 1
2m

vuut
0
B@

1
CA, (21)

where λ(q) ¼ q

sin dq
2ð Þ. Note that lim

q!0
λ(q) ¼ 2

d. By inserting this into

Eq. (21), Eq. (20) is evaluated to be

ω*
2 ¼ ωm

ffiffiffiffiffiffiffiffiffiffiffi
μþ 1

p
, (22)

where μ ¼ m
Mdis the mass ratio. Note that when q→ 0, we have

sin dq
2

	 

� dq

2 . Inserting it into lim
q!0

dω
dq

	 

and rearranging the equa-

tion leads to

lim
q!0

dω
dq

� �
¼ �4EbIbdmω2 þ 4EbIbdk

(2EbIbdmω)qþ (2kmω(d þ 1)� 4dmMω3)q�3
¼ 0,

(23)

which means E2 is the extreme point of ru. This confirms our
assumption that the bandgap bounds are located at the extreme
points of dispersion curves. The bandgap of the metabeam with
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mechanical local resonators is thus determined to be in the fre-
quency range

ωm , ω , ωm

ffiffiffiffiffiffiffiffiffiffiffi
μþ 1

p
, (24)

and the bandgap width is

Δω ¼ ffiffiffiffiffiffiffiffiffiffiffi
μþ 1

p � 1
	 


ωm: (25)

It can be found that the bandgap begins from the natural frequency
of the local resonator and is proportional to the mass ratio μ.
Interestingly, this is different from the lattice system. This expres-
sion is consistent with what was obtained in Ref. 30 under the
assumption of a finitely long beam with an infinite number of local
resonators. In Subsections II C and II D, more beam-type continu-
ous models will be presented to further examine the generality of
the proposed bandgap estimation approach. The validation of
bandgap bound expressions in this and Subsections II C and II D
will be conducted using COMSOL in Sec. IV.

C. Estimation of bandgap bounds of piezoelectric
metabeam with shunt resonant circuits

Figure 7 shows a piezoelectric metabeam with shunt resonant
circuits. It consists of a host beam bonded with a pair of thin piezo-
electric layers with the same poling directions. hb and hp denote the
thicknesses of the host beam and piezoelectric layers, respectively,
while b denotes their widths, which are assumed to be the same.
The host beam is assumed to be made of metal that is grounded.
Periodic electrode pairs are applied to the piezoelectric layers with
a lattice constant d. The top and bottom piezoelectric layers in one

unit cell are electrically connected in parallel with shunt resonant
circuits, which have the same impedance Z. The constitutive equa-
tions of the piezoelectric layer are

T1

D3

� �
¼ Ep �e31

e31 εS33

� �
S1
E3

� �
, (26)

where S1 and T1 denote the strain and stress along the x direc-
tion and D3 and E3 denote the electric displacement and electric
field along the z direction, respectively. Ep, e31, and εS33 are the
effective short circuit Young’s modulus, effective piezoelectric
stress constant, and effective permittivity component at constant
strain, respectively. Under the plane-stress assumption in
Ref. 35, one-dimensional (1D) effective material properties can
be derived from the three-dimensional (3D) constitutive equa-
tions as follows:

Ep ¼ 1
sE11

, e31 ¼ d31
sE11

, εS33 ¼ εT33 �
d231
sE11

, (27)

where sE11 is the elastic compliance at constant electric field, d31 is the
piezoelectric strain constant, and εT33 is the permittivity component at
constant stress. With the parallel connection of piezoelectric layers,
Young’s modulus of the piezoelectric layer can be modified as36

Ep,eff (ω) ¼ Ep 1� k231
1þ iωCs

pZ(ω)

 !
, (28)

where Cs
p ¼ 2εS33bd

hp
represents the inherent piezoelectric capacitance

and k31 ¼ d31
ffiffiffiffiffiffiffiffi
1

sE11ε
T
33

q
is the electromechanical coupling coefficient.

FIG. 7. Piezoelectric metabeam with shunt resonant circuits.
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Since a pure inductor L is considered, the impedance of the con-
nected shunt circuit is Z(ω) = iωL. Based on Euler’s beam theory, the
governing electromechanical equation of the piezoelectric metabeam
can be represented as

EIeff (ω)
@4w
@x4

þMeff
@2w
@t2

¼ 0, (29)

where the effective flexural rigidity EIeff and the effective mass per
length Meff are

EIeff (ω) ¼ EbIb þ Ep,eff (ω)Ip, . . . , Meff ¼ ρbAb þ 2ρpAp, (30)

where Ib ¼ bh3b
12 , ρb, and Ab denote the second moment of inertia,

density, and the cross-sectional area of the substrate, respectively,

while Ip ¼ 2b
3 hp þ hb

2

� �3 � h3b
8

	 

, ρp, and Ap = b × hp denote those of

the piezoelectric layer. For this infinitely periodic structure, the solu-
tion of w(x,t) satisfies the same form as Eq. (14) according to Bloch’s
theorem. By substituting Eq. (14) into (29) and integrating (29) over
the cell length d, the dispersion equation of the electromechanical
system is obtained as

f (ω, q) ¼ EIeff (ω)q
4 þMeffω

2 ¼ 0: (31)

Substituting Eq. (28) into (30), one can obtain the two real
roots from the quartic equation in Eq. (31),

ωn(q) ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(�1)n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β21q

8 þ 2(β1 � 2β2)Meff q4ωe þM2
effω

4
e

q
þ β1q

4 þMeffω2
e

2Meff

vuut ¼ 0, n ¼ 1, 2, (32)

where β1 ¼ EpIp þ EbIb and β2 ¼ (1� k231)EpIp þ EbIb, which are actually the effective flexural rigidities in short circuit and open circuit

conditions, respectively. ωe ¼ 1/
ffiffiffiffiffiffiffiffi
LCs

p

q
represents the natural frequency of the LC circuit. n = 1, 2 denote the rl and ru dispersion curves in

the ω–q plane, respectively. Similarly, we explore the bandgap bound equations of this model based on the extreme point assumption. The
derivative function of Eq. (31) can be obtained as

dω
dq

¼ � f 0q
f 0ω

¼ �4(β1ω
2 � β2ω

2
e )q

3

(2Meffω2
e þ 2β1q4)ω� 4Meffω3 þ 2(Meffω5 � (Meffω2

e þ β1q
4)ω3 þ β2q

4ω2
eω)

ω2 � ω2
e

: (33)

By setting dω
dq ¼ 0, one root can be solved, which is identified

as the lower bound of the bandgap,

ω*
1 ¼

ffiffiffiffiffi
β2
β1

s
ωe: (34)

Also, the root related to the extreme point E2 of the ru curve
is lost by using the implicit function derivative. Since E2 is simply
the intercept of the ru curve, it can be evaluated by substituting
q = 0 into ω2(q) in Eq. (32), leading to

ω*
2 ¼ ωe: (35)

Similar to Subsection II B, we can verify that it is the extreme
point of the ru curve by taking the limit of Eq. (33) at q→ 0, that

is, lim
q!0

dω
dq

	 

. Note that the numerator of Eq. (33) is equal to zero,

while the denominator of Eq. (33) is a constant, leading to

lim
q!0

dω
dq

	 

¼ 0. Therefore, ω = ωe is the extreme point of the ru curve,

which is identified as the upper bound of the bandgap. The
bandgap of the piezoelectric metabeam with shunt resonant circuits

is thus located in the frequency range

ffiffiffiffiffi
β2
β1

s
ωe , ω , ωe, (36)

and the bandgap width is

Δω ¼ 1�
ffiffiffiffiffi
β2
β1

s !
ωe: (37)

Unlike the bandgap in metabeam with mechanical local reso-
nators in Subsection II B [Eq. (24)], Eq. (36) implies that the upper
bound of the bandgap of the piezoelectric metabeam is located at
the natural frequency of the LC shunt circuit. The bandgap width
depends on the coefficient 1� ffiffiffiffiffiffiffiffiffiffiffi

β2/β1
pð Þ, which is related to the

electromechanical coupling coefficient k31 and the geometric prop-
erties. Additionally, it can be shown that the effective flexural
rigidity EIeff = 0 when ω ¼ ffiffiffiffiffiffiffiffiffiffiffi

β2/β1
p

ωe and EIeff becomes negative
when ω further increases until ω is greater than ωe. Consequently,
the bandgap can be considered the frequency range where the
effective rigidity of the piezoelectric metabeam is negative. It
should be pointed out that Eq. (36) is similar but not consistent
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with the bound equation in Ref. 31,

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ e231bhp(hb þ hp)

2

2β1ε
S
33

s ωe , ω , ωe, (38)

which was derived based on the assumption of infinite piezoelectric
segments bonded onto a finitely long beam. Since there is a lack of
finite element verification in Ref. 31, Eq. (36) will be compared with
Eq. (38) later, as well as the results by the finite element method.

D. Estimation of bandgap bounds of a hybrid
metabeam

To explore the fidelity of the proposed approach on estimating
multiple bandgaps, a hybrid metabeam, which integrates the
mechanical local resonators and piezoelectric shunt resonant circuits,
is presented in this subsection (Fig. 8). By combining these two
mechanisms, it is believed that two bandgaps could co-exist. The
partial differential equation that governs the transverse elastic wave
propagation in a unit cell of the hybrid metabeam can be written as

EIeff
@4w(x, t)

@x4
þMeff

@2w(x, t)
@t2

� k(u(x, t)� w(x, t))δ(x) ¼ 0 :

(39)

The motion of the local resonator is governed by

m
@2u(x, t)

@t2
þ k(u(x, t)� w(x, t))

� �
δ(x) ¼ 0: (40)

For this infinitely periodic structure, the solutions of w(x,t)
and u(x,t) satisfy the same forms as Eqs. (14) according to Bloch’s
theorem. Substituting Eqs. (14), (28), and (41) into Eqs. (39)
and (40), integrating Eqs. (39) and (40) over the cell length, rear-
ranging the equations in the matrix form and setting the determi-
nant of the coefficient matrix to be zero, one can obtain the
dispersion equation of the unit cell of the hybrid metabeam as

f (ω, q) ¼
2Meff sin

dq
2

� �
ω6 þ B2ω4 þ B1ω2 þ 2(k231 � 2)EpIpω2

mω
2
e q

4 sin
dq
2

� �
q(ω2 � ω2

e )
¼ 0, (41)

where

B1 ¼ kqω2
e þ 2Meffω

2
mω

2
e sin

dq
2

� �
þ 2(EpIp þ EbIb)(ω

2
m

þ ω2
e )q

4 sin
dq
2

� �
� 2EpIpk

2
31q

4ω2
e sin

dq
2

� �

and

B2 ¼ �kq� 2(ω2
m þ ω2

e )Meff sin
dq
2

� �
� 2(EpIp þ EbIb)q

4 sin
dq
2

� �
:

Similarly, three groups of positive real roots can be obtained
by solving Eq. (41), which correspond to three dispersion curves,
namely, rl, rm, and ru, in the ω–q plane, where the subscript m
denotes the middle curve. According to previous band structure
analyses in Subsections II B and II C, four extreme points are
expected to exist, which correspond to the upper and lower bounds
of two bandgaps related to the mechanical local resonators and pie-
zoelectric shunt resonant circuits, respectively. As discussed before,

two extreme points can be determined by seeking the roots of the

derivative function dω
dq ¼ � f 0q

f 0ω
¼ 0, while the rest at the discontinu-

ous point q = 0 can be obtained by following the same procedure in
Subsections II B and II C for evaluating the limits of dispersion
curves when q→ 0. The repetitive derivation is avoided, and the
final expressions for the bandgap bounds can be obtained as

ω*
1 ¼ ωm, ω*

2 ¼ ωm

ffiffiffiffiffiffiffiffiffiffiffi
~μþ 1

p
, ω*

3 ¼
ffiffiffiffiffi
β2
β1

s
ωe, ω*

4 ¼ ωe, (42)

where ~μ ¼ m
Meff d

. It is noteworthy that the vibration attenuation

effect from the two mechanisms of resonances will cancel each
other in the overlap region, leading to the disappearance of the
bandgap phenomenon. According to the width and location of the
bandgaps of the mechanisms when they work alone, one can enu-
merate five types of bandgaps in the hybrid metabeam, which is
simply a pairwise combination of the bounds in Eq. (42). For the
ease of description, the bandgap due to the mechanical local reso-
nators alone is termed as “MBG” and the bandgap due to the

FIG. 8. Hybrid metabeam.
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piezoelectric shunt resonant circuits as “EBG.” The five types of
two bandgaps of the hybrid metabeam are as follows:

Type 1: ω*
1�ω*

2, ω
*
3�ω*

4, the two bandgaps are separated.
Type 2: ω*

1�ω*
3, ω

*
2�ω*

4, the two bandgaps overlap, and MBG is below
EBG.

Type 3: ω*
3�ω*

1, ω
*
4�ω*

2, the two bandgaps overlap, and EBG is below
MBG.

Type 4: ω*
1�ω*

3, ω
*
4�ω*

2, the two bandgaps overlap, and MBG
completely contains EBG.

Type 5: ω*
3�ω*

1, ω
*
2�ω*

4, the two bandgaps overlap, and EBG
completely contains MBG.

In the case that the bandgaps are separated (i.e., type 1), due
to two resonance mechanisms, the bandgap bound equations are

ωm , ω , ωm

ffiffiffiffiffiffiffiffiffiffiffi
~μþ 1

p
, (43)

ffiffiffiffiffi
β2
β1

s
ωe , ω , ωe, (44)

and the total bandgap width is

Δω ¼ 1�
ffiffiffiffiffiffiffiffiffiffiffi
β2/β1

p	 

ωe þ

ffiffiffiffiffiffiffiffiffiffiffi
~μþ 1

p
� 1

	 

ωm: (45)

It should be noted that the term 1� ffiffiffiffiffiffiffiffiffiffiffi
β2/β1

pð Þ is proportional
to the thickness hp, while the term

ffiffiffiffiffiffiffiffiffiffiffi
~μþ 1

p � 1ð Þ is inversely pro-
portional to hp. The influence of hp on the total bandgap width will
be discussed later. In summary, a general procedure of determining
the bandgap bounds of a metamaterial system based on the pro-
posed approach has been illustrated in Fig. 9.

III. FINITE ELEMENT ANALYSIS

The band structure and transmittance of the three metabeam
models presented in Subsections II B–II D are analyzed using
COMSOL for validation. Since only bending vibration is of interest,
two-dimensional (2D) finite element (FE) models are established.

A. Band structure analysis

Figure 10(a) illustrates the FE model of a unit cell of the infi-
nitely long metabeam with mechanical local resonators for band
structure analysis. A lumped mass-spring element is attached to the
center of the upper surface. The FE model of a unit cell of the infi-
nitely long piezoelectric metabeam with shunt resonant circuits is
shown in Fig. 10(b). The electrodes are implemented by applying
terminal boundary conditions to the top surface of the upper pie-
zoelectric layer and the bottom surface of the lower one. The other
two surfaces of piezoelectric layers are grounded. The inductor is
connected to the two electrode terminals by coupling their voltages.
A commonly used piezoelectric ceramic material PZT-5H is
assigned to the piezoelectric layer. Since the 3D piezoelectric con-
stitutive equation is reduced to the 1D equation [Eq. (27)], modifi-
cations need to be made by setting the relative permittivity εS33 to
be isotropic and letting the electromechanical coupling matrix be

0 0 0 0 0 0
0 0 0 0 0 0
e31 0 0 0 0 0

2
4

3
5. The values of εS33 and e31 are calcu-

lated according to Eq. (27). Figure 10(c) shows the FE model of the
infinitely long hybrid metabeam. Periodic constraints based on

FIG. 9. A general procedure of determining the bandgap bounds of a metama-
terial system based on the proposed approach.

FIG. 10. Infinitely long FE models of various metabeams: (a) metabeam with
mechanical resonators, (b) piezoelectric metabeam with shunt resonant circuits,
and (c) hybrid metabeam.
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Eq. (14) are applied to the left and right bounds of the above three
FE models.

B. Transmittance analysis

The FE models of the aforementioned three types of meta-
beams consisting of eight unit cells are shown in Figs. 11(a)–11(c).
It is worth mentioning that the contact of the electrodes of adjacent
unit cells will lead to a short circuit. Hence, a tiny area near the cell
bound is deliberately selected to avoid applying the terminal boun-
dary condition, as shown in Fig. 11(d). A displacement excitation is
applied to the base and the transmittance can be calculated by
detecting the displacement magnitude at the tip of the metabeam.

IV. VALIDATION

Table I lists the material and geometric parameters of the host
beam (or substrate) and the piezoelectric layers. Specifically, it is
well known that the Euler beam theory is only applicable for
slender beams. Therefore, by referring to the parameters used in
previous literature,32 a small thickness to length ratio is considered
in the following validation, which is 0.0125 for metabeam with
mechanical local resonators and 0.02 for piezoelectric metabeam/
hybrid metabeam, which can be calculated based on the parameters

in Table I. The parameters of the mechanical resonators and shunt
resonant circuit will be provided in Subsections IV A–IV C.

A. Metabeam with mechanical local resonators

The FE results of the band structure and the transmittance of
the metabeam with mechanical local resonators and their compari-
son with the theoretical estimation of the bandgap are shown in
Figs. 12 and 13, respectively. The mass and spring stiffness of the
resonator are m0 = 3 × 10−4 kg and k0 = 5803.3 N/m, so that the
natural frequency of the mechanical local resonator is fm = 700 Hz.
As expected, the vibration attenuation region begins from fm. It can
be found that the bounds of the bandgap estimated by Eq. (24) are
consistent with those observed from the FE result. Figure 14
further compares the FE result (bandgap observed from the band
structure) and the theoretical estimation with different spring stiff-
nesses of the local resonators. Here, the dimensionless spring

FIG. 11. Finitely long FE models of (a) metabeam with mechanical local resonators, (b) piezoelectric metabeam with shunt resonant circuits, and (c) hybrid metabeam
with a close-up view near cell boundary shown in (d).

FIG. 12. Comparison of the theoretical estimation of bandgap and FE result of
the band structure of metabeam with mechanical local resonators.

TABLE I. Material and geometric parameters used in the metabeams with eight
unit cells.

Host beam (or substrate)

Material Aluminum
Density ρb 2700 kg/m3

Young’s modulus Eb 69 GPa
Dimensions in a unit cell 10 × 10 × 1mm3

Piezoelectric layer

Material PZT-5H
Young’s modulus in short circuit Ep 60.6 GPa

Density ρp 7500 kg/m3

Piezoelectric coefficient e31 −16.61 C/m2

Permittivity εS33 2.5554 × 10−8 F/m
Dimensions in a unit cell 10 × 10 × 0.3 mm3
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stiffness k* = k/k0 is used. The relative error defined by
j fFE � ft j/fFE is also plotted in Fig. 14, where fFE and ft are the FE
and theoretical estimations of the bound frequencies, respectively.
It illustrates that below the frequency of 3 kHz, the FE and theoreti-
cal results match well with relative errors <1%. With the increase of
the spring stiffness of the local resonator, the discrepancy increases.
The homogenous assumption in the modeling stage may cause the
error. Under this assumption, the general wave solution is consid-
ered to be the same as that of a plain beam. In other words, the
influence of the discontinuities caused by the reaction forces gener-
ated by the local resonators is not reflected in the wave function.

With the increase of the spring stiffness, bandgap will shift to a
higher frequency range, and the effect of discrete concentrated
forces on the beam vibration pattern becomes more significant,
leading to the increased discrepancy.

B. Piezoelectric metabeam with shunt resonant
circuits

The FE results of the band structure and transmittance of the
piezoelectric metabeam with shunt resonant circuits and their com-
parison with the theoretical estimation of the bandgap are shown

FIG. 13. Comparison of the theoretical estimation of bandgap and FE result of
the transmittance of metabeam with mechanical local resonators.

FIG. 14. Comparison of the theoretical and FE estima-
tions of the lower and upper bounds of the bandgap of
the metabeam with mechanical local resonators given dif-
ferent dimensionless spring stiffness k*.

FIG. 15. Comparison of the theoretical estimation of bandgap and FE result of
the band structure of piezoelectric metabeam with shunt resonant circuits.
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in Figs. 15 and 16, respectively. The inductor in the shunt resonant
circuit is chosen to be L0 = 1.48 H. With the parameters given in
Table I, the internal capacitance of the piezoelectric layer Cs

p in the
unit cell is 1:7� 10�8 F, and the natural frequency of the shunt res-
onant circuit is fe = 1000 Hz. Unlike that of the mechanical resona-
tor based metabeam, the bandgap of the piezoelectric metabeam
ends at the natural frequency of the shunt resonant circuit. The

bandgap is estimated to be between 943.1–1000 Hz by Eq. (36),
which agrees with observations from the FE results of the band
structure and transmittance. To demonstrate the accuracy of
Eq. (36), Fig. 17 compares the lower and upper bounds of the
vibration attenuation region observed from the band structure by
FE simulation and the theoretical estimation with the change of the
inductive impedance L. Here, the dimensionless impedance L* = L/

FIG. 16. Comparison of theoretical estimation of bandgap and FE result of the
transmittance of the piezoelectric metabeam with shunt resonant circuits.

FIG. 17. Comparison of the theoretical and FE estima-
tions of the lower and upper bounds of the bandgap of
the piezoelectric metabeam given different dimensionless
inductive impedance L*. The prediction based on Eq. (38)
from Sugino et al.31 is also plotted for comparison.

FIG. 18. Comparison of the theoretical estimation of bandgap and FE result of
the band structure of the hybrid metabeam.
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L0 is used. The theoretical estimation given by Eq. (38) from
Sugino et al.31 is also plotted in a green dotted line for comparison.
With the increase of the inductance, the relative error of the predic-
tion of bounds remains within 0.4%. Moreover, the bandgap bound
equations derived based on the assumption of a finitely long beam

carrying infinite piezoelectric segments shunted to resonant cir-
cuits31 show slightly higher discrepancy than the FE result.

C. Hybrid metabeam

Using the same parameters in Subsections IV A and IV B,
Figs. 18 and 19 show the FE results of the hybrid metabeam. Also,
the corresponding bandgap regions predicted based on Eqs. (43)
and (44) are superposed for comparison. To clearly show the evolu-
tion of error in a wider frequency range, Fig. 20 compares the
lower and upper bounds of the bandgaps observed from the band
structure by FE and theoretical estimation with varying k* and L*.
Again, the theoretical predictions agree well with the FE results,
with the relative errors of the estimations of the four bandgap
bounds remaining below 1%.

V. FURTHER DISCUSSION

In Sec. IV, the derived expressions of bandgap bounds have
been verified. Those expressions indicate the relationships between
system parameters and the bandgap widths. Subsections V A
and V B discuss the merits of the proposed theoretical approach for
tailoring and optimization of the bandgap. An extended case is pro-
vided in Subsection V C to further demonstrate that this approach
can be easily applied to more complicated metabeam systems.

A. Effect of m and hp in a hybrid metabeam

In this section, we examine the effects of the mass of a
mechanical local resonator m and the thickness of the piezoelectric

FIG. 19. Comparison of the theoretical estimation of bandgap and FE result of
the transmittance of the hybrid metabeam.

FIG. 20. Comparison of the theoretical and FE estimations of the lower and upper bounds of the two bandgaps of the hybrid metabeam: (a) MBG with L0 and different
dimensionless spring stiffness k*; (b) EBG with k0 and different dimensionless inductive impedance L*.
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layer hp on the total bandgap width of the hybrid metabeam
(denoted as “HBG”). The mechanical parameters of the mechanical
local resonators and parameters of the shunt resonant circuits are
fixed to be the same as those in Sec. IV (k0 = 5803.3 N/m and
L0 = 1.48 H). The rest of the geometric and material parameters are
listed in Table I.

Based on the second term of Eq. (45), the width of MBG in
the hybrid metabeam increases monotonically with the unit-level
mass ratio ~μ. Furthermore, ~μ is proportional to m and decreases

monotonically with hp since ~μ ¼ m
Meff d

and Meff ¼ ρbhsbþ 2ρphpb.

Meanwhile, the width of EBG in the hybrid metabeam depends on
1� ffiffiffiffiffiffiffiffiffiffiffi

β2/β1
pð Þ according to the first term of Eq. (45), which is influ-

enced by hp. As shown in Fig. 21, the increase of hp* will lead to
the increase of EBG Δf *E . Here Δf *E ¼ ΔfE/ΔfE,0 is the dimensionless
width of EBG and hp* = hp/hp,0 is the dimensionless thickness of
the piezoelectric layer, where hp,0 = 0.3 mm. ΔfE,0 = 58.9 Hz is the
EBG of the hybrid metabeam with the parameters of L0 and hp,0.
In general, increasing hp* will reduce the unit-level mass ratio ~μ,
leading to the shrinking of the MBG, but it contributes to the wid-
ening of EBG.

Figure 22(a) shows the dimensionless width of HBG Δf *

¼ ΔfH/ΔfH,0 with varying hp* and dimensionless mass m∗ =m/m0,
where m0 = 3 × 10−4 kg−1. ΔfH,0 = 190 Hz is the HBG of the hybrid
metabeam with the parameters of k0, m0, L0, and hp,0. It is noted
that HBG tends to increase monotonically with an increase of hp*
when m∗ is small. However, for a large mass m∗, HBG will decrease
first and then increase with the increase of hp*. This change is
because when m∗ is small (e.g., m∗ = 0.1), EBG dominates the
HBG. Increasing hp* leads to a significant increase in EBG but a
minor decrease in MBG, giving an overall increase in HBG. When
m∗ is large (e.g., m∗ = 1.5), MBG is much larger than EBG for a
small hp*. Increasing hp* leads to the increase in EBG, but it is less
significant than the decrease in MBG, resulting in the overall
decrease of HBG. As hp* continues to increase, this trend will
change when hp* reaches a certain value (hp* = 2.2), after which the
increase in EBG becomes more remarkable than the decrease in
MBG, resulting in the overall increase in HBG. Hence, there is a
trade-off in the choice of the thickness of the piezoelectric layer.
On the other hand, one can observe a narrow trench (denoted in
gray) in Fig. 22(a). This trench is caused by the overlap of MBG
and EBG, leading to the disappearance of the bandgap effect. The

FIG. 21. Dimensionless EBG width Δf �E vs the dimensionless piezoelectric
thickness hp* of the hybrid metabeam.

FIG. 22. (a) Dimensionless HBG width Δf* vs the dimensionless piezoelectric thickness hp* and the dimensionless mass of the mechanical local resonators m∗ of the
hybrid metabeam. (b) Four types of bandgaps of hybrid metabeam where MBG and EBG overlap.
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locations of the four types of overlapped bandgaps (detailed
descriptions in Subsection II D) are plotted with different gray
scales in Fig. 22(b).

B. Tuning for aggregated bandgap of the hybrid
metabeam

Since the expressions of the bounds of the two bandgaps of
the hybrid metabeam have been obtained, it is theoretically possible
to tune the two bandgaps to form a broad continuous vibration
attenuation region by choosing suitable parameters. There are two
ways to merge them:

(1) Let the jointing frequency be ωj = ωm = ωe. Then, the aggre-
gated bandgap becomes

ffiffiffiffiffiffiffiffiffiffiffi
β2/β1

p
ωj , ω ,

ffiffiffiffiffiffiffiffiffiffiffi
~μþ 1

p
ωj.

(2) Let the jointing frequency be ωj ¼
ffiffiffiffiffiffiffiffiffiffiffi
β2/β1

p
ωe ¼

ffiffiffiffiffiffiffiffiffiffiffi
~μþ 1

p
ωm.

Then, the aggregated bandgap becomes 1ffiffiffiffiffiffi
~μþ1

p ωj , ω
, 1ffiffiffiffiffiffiffiffi

β2/β1
p ωj.

The transmittances by FE for these two scenarios are shown
in Figs. 23 and 24, respectively, in which one can observe the
aggregated bandgap. In Fig. 23, the stiffness of the mechanical
local resonator is changed to k = 1.1844 × 104 N/m to ensure
fj = fm = fe = 1000 Hz. In Fig. 24, the stiffness of the mechanical
local resonator is changed to k = 7.4350 × 103 N/m to ensure
fj ¼

ffiffiffiffiffiffiffiffiffiffiffi
β2/β1

p
fe ¼

ffiffiffiffiffiffiffiffiffiffiffi
~μþ 1

p
fm ¼ 943:13 Hz. It should be pointed out

that this combination is not perfect. A tiny peak exits near the adja-
cent point of the MBG and EBG. Since there exist minor discrepan-
cies between FE and the derived expressions, MBG and EBG based
on Eqs. (43) and (44) are not neatly jointed in the transmittance
calculated by FE, which leads to minor overlap or separation of
the MBG and EBG and consequently the tiny peak (a narrow
passband) in the aggregated bandgap.

C. An extended case

The bound estimation approach can be quickly applied to other
metabeam systems. To demonstrate this, we further introduce a
two-degree-of-freedom (2DOF) mechanical local resonator to the
hybrid metabeam (Fig. 25). The bending vibration in the metabeam
with multiple local resonators was comprehensively studied in Ref. 7.
Similar to the concept in Ref. 7, with the multiple degrees of freedom
in the mechanical local resonators, one can expect that an extra
bandgap will appear in the configuration of Fig. 25 compared to the
hybrid beam in Subsection V B. On the other hand, researchers
explored the effect of nonlinear local resonators on the bandgap behav-
ior. It was proved that introducing nonlinearities could potentially
widen the bandgap. Interested readers can refer to Refs. 14 and 37.

Following a similar procedure in Sec. II, one can obtain the
theoretical estimation of the bounds of the bandgaps and the steps
are as follows:

(1) Derive the dispersion equation f(ω,q) of this hybrid metabeam
with 2DOF local resonators. In this case, the equations of
motion of the 2DOF local resonator are

(m1€u1(x, t)þk1(u1(x, t)�w(x, t))þk2(u1(x, t)�u2(x, t)))δ(x)¼0,
(m2€u2(x, t)þk2(u2(x, t)�u1(x, t)))δ(x)¼0,

�
(46)

where m1 and m2 are the masses in the local resonator; k1 and
k2 represent the spring between the beam and m1 and the
spring between m1 and m2, respectively.

(2) Solve the derivative equation dω
dq ¼ � f 0q

f 0ω
¼ 0, in which the roots

associated with the lower bound of the bandgaps can be obtained.
(3) Evaluate the limits of dispersion curves when q→ 0 to obtain

the upper bound of the bandgaps.

FIG. 23. Aggregated bandgap of hybrid metabeam observed from the transmit-
tance by FE and the theoretical estimation with fj = fm = fe = 1000 Hz.

FIG. 24. Aggregated bandgap of hybrid metabeam observed from the transmit-
tance by FE and the theoretical estimation with
fj ¼

ffiffiffiffiffiffiffiffiffiffi
β2/β1

p
fe ¼

ffiffiffiffiffiffiffiffiffiffiffi
~μþ 1

p
fm ¼ 943:13 Hz.
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Without the detailed derivation for the sake of conciseness, the final derived bounds for the case that all the bandgaps (two MBGs and
one EBG) are separated as follows:

The first bandgap generated by the 2DOF resonators:

ω�
1 ¼

ffiffiffi
2

p

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2
m1 þ (�μ1 þ 1)ω2

m2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(�μ1ω

2
m2 þ (ωm1 � ωm2))(�μ1ω

2
m2 þ (ωm1 þ ωm2)),

qr

ωþ
1 ¼

ffiffiffi
2

p

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(�μ2 þ 1)ω2

m1 þ (�μ1 þ 1)ω2
m2 �

ffiffiffiffi
C

pq
:

8>><
>>: (47)

The second bandgap generated by the 2DOF resonators:

ω�
2 ¼

ffiffiffi
2

p

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2
m1 þ (�μ1 þ 1)ω2

m2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(�μ1ω

2
m2 þ (ωm1 � ωm2, ))(�μ1ω

2
m2 þ (ωm1 þ ωm2))

qr

ωþ
2 ¼

ffiffiffi
2

p

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(�μ2 þ 1)ω2

m1 þ (�μ1 þ 1)ω2
m2 þ

ffiffiffiffi
C

pq
:

8>><
>>: (48)

The bandgap generated by the shunt resonant circuits:

ω�
3 ¼

ffiffiffiffiffi
β2
β1

r
ωe,

ωþ
3 ¼ ωe,

8<
: (49)

where

�μ1 ¼
m2

m1
, �μ2 ¼

m1

Meff d
, ωm1 ¼

ffiffiffiffiffiffi
k1
m1

s
, ωm2 ¼

ffiffiffiffiffiffi
k2
m2

s
, ωe ¼

ffiffiffiffiffiffiffiffi
1

Cs
pL

s

and

C ¼ (ω2
m1 � ω2

m2)
2 þ (�μ21 þ 2�μ1)ω

4
m2 þ (�μ22 þ 2�μ2)ω

4
m1

þ 2(�μ1 � �μ2 � �μ2�μ1)ω
2
m1ω

2
m2

Furthermore, a numeric example is provided to show an
optimized design based on the derived analytical solutions
[Eqs. (47)–(49)] and the three bandgaps are joined as an aggregated
one. It is theoretically feasible to achieve this by properly choosing
local resonator/shunt circuit parameters. One way to join these
three bandgaps is as follows:

ωþ
1 ¼ ω�

3 ,
ω�
2 ¼ ωþ

3 :

�
(50)

FIG. 25. Hybrid metabeam with 2DOF local resonators.
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Note that it is difficult to generate a bandgap with any
intended width by tuning the LC shunt circuit. Therefore, we
choose the inductance L to fix the bounds of EBG first. The geo-
metric and material parameters are the same as those in Table I to
avoid adding many new parameters. With L = 1.48 H, fe = ωe/
2π = 1000 Hz, m1 = 0.003 /kg, and m2 = 0.0003 /kg fixed, solving the
simultaneous equations [Eq. (50)] can determine the stiffnesses of
the 2DOF local resonators k1 = 5.7537 × 104 N/m and k2 = 9.9157
× 103 N/m, which gives the natural frequencies of fm1 = ωm1/
2π = 679 Hz and fm2 = ωm2/2π = 915 Hz. Figure 26 shows the trans-
mittance calculated by FE and the theoretical estimations of the
bandgaps. This figure shows that the three bandgaps become an
aggregated one with properly chosen parameters.

VI. CONCLUSIONS

In this paper, we have proposed a generic theoretical approach
for fast estimating bandgap bounds of metamaterial beams. Based
on wave equation, this approach is first developed and validated for
the lattice system under the hypothesis that the extreme points of
dispersion curves correspond to the bandgap bounds. By seeking
the derivative of the dispersion equation, the closed-form expres-
sions of bandgap bounds can be obtained straightforwardly.
According to the verified expression by transmittance, the conjec-
ture that the bandgap is associated with the frequency range where
the effective mass is negative in the literature33 is inappropriate for
lattice systems. Subsequently, following the same general procedure,
this approach is applied to three typical beam-type metamaterial
systems and corresponding closed-form expressions of the bandgap
bounds are derived. Specifically, the expression of the bandgap
bounds of the mechanical resonators based metabeam is consistent
with the well-known expression in the literature.30 The expressions
for the piezoelectric metabeam with shunt resonant circuits and

the hybrid metabeam are slightly different from those in the litera-
ture.22,31 Finite element models are also developed for both band
structure and transmittance calculation, confirming that the
derived expressions based on our proposed approach offer high
accuracy. Based on the validated expressions, we further discuss the
trade-off in the design of a hybrid metabeam to tailor the bandgaps
and provide the guideline to form an aggregated bandgap.
Furthermore, an extra case of hybrid metamaterial with 2DOF
mechanical resonators is given to demonstrate the capability of this
approach. In summary, the proposed approach in this work pro-
vides a powerful theoretical tool for estimating bandgap bounds
and paves the way for the design and optimization of complicated
metabeam systems.
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